THE WEIL DESCENT FUNCTOR IN THE CATEGORY OF
ALGEBRAS WITH FREE OPERATORS

SHEZAD MOHAMED

ABsTrRACT. We prove that there exists a version of Weil descent, or Weil
restriction, in the category of D-algebras. The objects of this category are k-
algebras R equipped with a homomorphism e: R — R®;. D for some fixed field
k and finite-dimensional k-algebra D. We do this under a mild assumption on
the so-called associated endomorphisms. In particular, this yields the existence
of the Weil descent functor in the category of difference algebras, which, to
our knowledge, does not appear elsewhere.

1. INTRODUCTION

It is well known that if L/K is a finite field extension, then extension of scalars,
considered as a functor F': Alg, — Alg;, has a left adjoint, W. That is, W is a
functor Alg; — Algy such that there is a natural bijection Homayg, (W (C), R) —
Homag, (C, F(R)). This left adjoint is known as Weil descent or Weil restriction—
see, for instance, Section 1.3 of [19]. In fact, this result has been generalised by
Grothendieck to the case when K is an arbitrary commutative ring and L is a
K-algebra which, as a K-module, is free and finitely generated (see [5]).

This classical Weil descent has been used in applications to number theory [15]
and algebraic geometry [10]. It is also fundamental to the construction of prolonga-
tion spaces in the sense of Moosa-Scanlon [11]. Furthermore, since the adjunction
gives rise to the natural bijection Homayg, (W (C), K) — Homayg, (C, L), when C
is the coordinate ring of an affine L-variety V', we obtain a bijection between the
L-rational points of V' and the K-rational points of the variety Spec(W (C)). This
fact is used by Pop in [14] to show that algebraic extensions of large fields are large.

In [7] the case of differential algebras is considered. The authors show that
the differential base change functor, F°, has a left adjoint, which they call the
differential Weil descent functor, W°. More precisely, they show that if (A,d)
is a differential ring and (B,d) an (A, d)-algebra, where B is finite and free as
an A-module, then for any (B, d)-algebra (D, ), there exists a unique derivation
" on W(D) making the unit of the classical adjunction into a differential ring
homomorphism. The authors then use this result in a similar way to Pop to show
that algebraic extensions of differentially large fields are again differentially large
(see [6]).
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It is natural, then, to explore whether the difference base change functor, F7—
here difference rings are rings equipped with an endomorphism—also has a left
adjoint. In general, it does not. Let A be a commutative unital ring and consider
the case when B = Ale]/(e?) for an indeterminate . Let 7: B — B be given by
T(a 4+ be) = a so that (A,ids) < (B,7). Let R = Bz] and p: R — R the unique
endomorphism extending 7 and sending x +— . If F'7 = FJ /A had a left adjoint
We, then the unit of this adjunction at R

ng: R — F'W7(R)
would be a difference ring homomorphism. In particular

() nr(p(x)) = (0 @ 7)(ng(2))

where 6 is the endomorphism of W?(R). Let A\; and Ay be the coordinate projec-
tions with respect to the A-basis {1,¢} of B. Then, equation (}) translates to

[ A1 (p()) ] _ { A(r(1)) Mi(r(e)) } [ O\ (g (7)) ]
A2(p(x)) A2(7(1))  Aa(7(e)) || 0(N2(nR(2)))
)

See Lemma 7.1 for details on this. Using the facts p(z) =€, 7(1

the above yields
07 _[1 0] 0u(Wg))
=L o[ |

which is clearly inconsistent. Hence, equation (1) cannot hold, and the left adjoint
W cannot exist. The issue here is that the 2 x 2 matrix on the right-hand side that
we associate to (B, 7) is not invertible. In this case we say that 7 does not have
invertible matrix. We will see in the course of Section 5 that 7 having invertible
matrix is sufficient for a left adjoint to exist, and, in Section 6, that in the case
when A is a field, it is also necessary.

Theorem. Let (A,0) be a difference ring and (B,T) a difference (A, o)-algebra
where B is finitely generated and free as an A-module, and 7 has invertible ma-
triz. If (C,p) is a difference (B, T)-algebra, then there is a unique endomorphism
oWV on the classical Weil restriction, W (C), making (W (C), p"V) into a difference
(A, 0)-algebra and the unit of the classical adjunction nc: C — W(C) ®4 B into
a difference ring homomorphism (C,p) — (W(C) ®4 B, p" @ 7). The assignment
(C,p) — (W(C),p") is the left adjoint to the difference base change functor.

One might initially think to define p"V' = W(p). However, while p is a ring en-
domorphism, it is not in general a B-algebra homomorphism, and thus the functor
W cannot be applied to it. There is a natural way to make p into a B-algebra
homomorphism though: let C” be the B-algebra which, as a ring, is just C, but
whose B-algebra structure is given by b — 7(b) € C; then p is a B-algebra ho-
momorphism considered as a map C — C7. Applying W gives an A-algebra ho-
momorphism W(p): W(C) — W(C™). However, this does not correspond to an
endomorphism of W (C). If we had an A-algebra homomorphism W(C™) — W (C)?,
then composing with W(p) gives an A-algebra homomorphism W (C) — W (C)?,
which corresponds to an endomorphism of W(C) extending o. In Section 4 we
will see that such a map W(C™) — W(C)? exists if 7 has invertible matrix and in
Section 5 that it yields the left adjoint.

In fact, we prove our results in the more general framework of D-operators,
originally introduced in [11], of which endomorphisms are a special case. We refer
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the reader to Section 3 for details on D-rings, but give a brief presentation here.
For a fixed field £ and a fixed finite-dimensional k-algebra D, by a D-ring we
mean a k-algebra R equipped with a k-algebra homomorphism e: R - R ®y D. If
we coordinatise e with respect to a basis of D, we obtain a sequence of additive
operators R — R-—the coordinate maps of e with respect to the chosen basis.
These are often called free operators in the literature (for instance in [2] and [13]).
Differential rings fit into this framework of D-rings since § is a derivation on R if
and only if the map

R — R[g]/(£?)
rer+4+4d(r)e

is a homomorphism, as do difference rings (trivially) since o is an endomorphism
of R if and only if the map

R— R
r—o(r)

is a homomorphism. For further details and examples see Example 3.3.

Now, let (A,e) be a D-ring and (B, f) an (A4, e)-algebra where B is finite and
free as an A-module. The D-structure on B has associated endomorphisms (on B,
see Definition 3.4) and, as in the difference case, if the associated endomorphisms
of (B, f) do not have invertible matrix, then the left adjoint to the D-base change
functor (see Corollary 3.9) does not generally exist. Nonetheless, our main result
states that this is indeed the main obstacle: if the associated endomorphisms of
(B, f) have invertible matrix, then the D-base change functor has a left adjoint,
and if A is a field, this condition is necessary. See Theorem 5.5 and Corollary 6.20.

Besides being of independent interest, our work here on the D-Weil descent is
partly motivated by a model-theoretic study of a uniform companion for theories
of large D-fields, called UCp, in the spirit of the uniform companion of Tressl for
theories of large differential fields, UC, established in [17]. In a follow-up paper we
show that algebraic extensions of models of UCp which are large as a field are again
models of UCp—assuming that D is a local ring and the associated endomorphism
is trivial. We can then conclude that the algebraic closure of such a D-field is a
model of the theory D-CF( of Moosa-Scanlon [13]|. The argument we have in mind
to prove these results relies on the existence of a D-Weil descent—the content of
this paper. In the differential case this argument is done in [6].

The paper is organised as follows: Section 2 gives a brief overview of the classical
Weil descent and left adjoints in general. Section 3 then gives an introduction to D-
rings and D-algebras, as well as some algebraic notions about them. It also recalls
the definition of the D-base change functor. Section 4 examines sufficient conditions
for the D-Weil descent to exist, and Section 5 contains the proof of our main result.
Section 6 contains a partial converse to the main theorem, as well as some results
on properties preserved under taking the Weil descent. In particular, it will explain
how to apply our results in the case of several commuting endomorphisms and
derivations. Finally, the appendix shows how to explicitly construct the D-Weil
descent, mirroring the construction in the classical case.

The author would like to thank Omar Leén Sanchez for several helpful discus-
sions on the content of this paper and for support while writing it, as well as the
anonymous referee for their helpful comments and questions, which prompted a



4 SHEZAD MOHAMED

new, more natural proof of the main theorem. The original proof is sketched in the
appendix.

Throughout this paper we assume that all rings and algebras are commutative
and unital, and that ring and algebra homomorphisms preserve the unit.

2. PRELIMINARIES ON THE CLASSICAL WEIL DESCENT

In this section we briefly go over the details of the construction of the classical
Weil descent. We will not give proofs, but the reader can consult [3, §7.6] and [11,
§2] for further details. Our approach is modelled after [7], so the reader can also
consult there for a more in-depth explanation.

Let A be a ring, and B an A-algebra. For any A-algebra R we can form the
base change of R to B, namely R ® 4 B, where the B-algebra structure is given by
b— 1®b. This base change naturally extends to a functor F': Alg, — Algg where
we set F(¢) = ¢ ®idp. If we let G: Algg — Algy be the scalar restriction functor,
where G(C) is the A-algebra given by composing A — B — C, then G is right
adjoint to F. More importantly, if B is free of finite rank as an A-module, then F’
has a left adjoint: Weil restriction W: Algg — Alg 4.

We state the following useful fact about adjunctions from Theorem 2 and Corol-
laries 1 and 2 of [9].

Theorem 2.1. Let F: X — Y be a functor, and suppose that for each C' € Y,
there is some W(C) € X and nc: C — F(W(C)) in Y such that the assignment
g +— F(g)one is a bijection Homxy (W (C), R) — Homy (C, F(R)). Then, W extends
to a functor Y — X which is left adjoint to F'. The unit of this adjunction is given
by nc.

In particular, for a morphism f: C — C" in Y, W(f) is defined to be the unique
morphism g: W(C) — W (C") such that F(g) onc =ncr o f.

This fact will allow us to construct the left adjoint using only the data of its
object map and unit. This fact is also the method of proof for the differential Weil
descent in [7].

For the convenience of the reader, we now briefly explain the situation in the
classical setup. Let bq,...,b, be an A-basis of B. Foreachi=1,...,r,let \;: B —
A be the A-module homomorphism with A; (Z;:l ajbj) = a;. If Ris an A-
algebra, we consider the base change of A\; to R—the R-module homomorphism
idg ® A;: R®4 B — R. Note that idg ® \; simply picks out the coefficient of the
basis element 1 ® b;. We will write \; for idg ® A; throughout, but it will be clear
from context which we mean.

Now let T be a set of indeterminates, and define

W (B[T]) = A[T)®" = A[T) ®4 A[T) ®4 ... ®4 AT

Foreachiandt € T,let t(i)) =1®...91®t®1®... ® 1, where the ¢ occurs in
the ith position. We also let np[7) be the unique B-algebra homomorphism

npir): BT — F(W(B[TY))

t Y ti) @b
i=1
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These choices make the following map 7(B[T], R) a bijection for each A-algebra
R:

HomAlgA (A[T]®T7 R) — HomAlgB (B[T]7 R ®A B)
¢ F(¢) onpr)

where the compositional inverse is defined as follows. For ¢: B[T] - R®4 B
a B-algebra homomorphism, let ¢ be the unique A-algebra homomorphism with
B(1(1)) = (1),

Now let C' be a B-algebra, and take a surjective B-algebra homomorphism
et B[T] — C for some set of indeterminates T'. Let Ic be the ideal of W (B[T])
generated by all the \;(npr)(f)) where f ranges over ker mc. Now define W (C') =
W(BI[T])/Ic and W (m¢): W(B[T]) — W(C) as the residue map.

Then we induce a map 7(C, R): Homayg, (W(C), R) = Homayg,, (C, F(R)) which
makes the following diagram commute:

7(C,R)

Homayg , (W(C), R) Hompyg,, (C, F(R))

70W(ﬂ'c) omc

T(B[T],R)

Homayg , (W (B[T]), R) Homayg, (B[T], F(R))

Let nc = 7(C, W(C))(idw (c)), and note that

ne(mo(t)) = Z W (7o) (t(i) @ b;

From this we see that 7(C, R)(¢) = F(¢) o nc and that 7(C, R) is a bijection,
satisfying the conditions of Theorem 2.1. Then, W is a functor which is left adjoint
to F' with unit ne. This W is the classical Weil descent functor.

3. D-RINGS AND D-ALGEBRA

In this section we review the basic definitions of D-rings as well as introduce
some algebraic notions which we will need later. See [2], [11], and [13] for more
details.

Fix a base field k, and let D be a finite-dimensional k-algebra. For the remainder
of this paper, we impose the following assumption:

Assumption 3.1. Since D is a finite-dimensional k-algebra, we may decompose
it as a finite product of local, finite-dimensional k-algebras (see [1, Theorem 8.7]),
say D = By X ... x B;. We assume that the residue field of each B; is actually k.

This is the same assumption imposed by the authors in [13].

For any k-algebra R, we define D(R) = R®;, D to be the base change of D to R.
Note that D(R) remains free and finite as an R-module. We will often identify a
k-basis of D with the corresponding R-basis of D(R). By a slight abuse of notation,
we think of D also as a functor Alg, — Alg,,, where for a k-algebra homomorphism
¢: R— S, D(¢) = ¢ ®idp.

Definition 3.2. A k-algebra R equipped with a map e: R — D(R) is a D-ring if e
is a k-algebra homomorphism. In this case, we call e the D-structure or the D-ring
structure on R.
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Example 3.3. (1) Take D to be the algebra of dual numbers, k[e]/(g?), with
the standard k-algebra structure. If (R, e) is a D-ring, let o and 0 be such
that e(r) = o(r) + d(r)e. Then, o is a k-linear endomorphism of R, and ¢
is a k-linear derivation on R which is twisted by o. Indeed, the k-linearity
of e implies k-linearity of o and 4, and multiplicativity implies that

o(rs) +d(rs)e = a(r)o(s) + (a(r)d(s) + 6(r)o(s))e
Note that if a D-ring has o = idg, then it is a differential k-algebra.

(2) Take D = k! with the product k-algebra structure. If (R,e) is a D-ring,
let e(r) = Y, 04(r)e; where ¢; is the standard basis of D. Then, D-rings
are precisely rings with ! (not necessarily commuting) k-endomorphisms
O1y...,0].

We refer the reader to [13] for more examples.

Definition 3.4. Let (R, e) be a D-ring. Recall Assumption 3.1 that D = By X...x
B, and B; is local with residue field k. Let m;: D — B; — k be the composition
of the projection onto the ith coordinate and the residue map. These k-algebra
homomorphisms lift to 77: D(R) — R. Define o; = mfoe fori =1,...,t. Then,
o1,...,0¢ are called the associated endomorphisms of the D-ring (R, e).

Remark 3.5. If D = k! as in Example 3.3(2) above, then the associated endomor-
phisms of a D-ring (R, e) are just the endomorphisms o1, ...,0;: the coordinate
functions of the homomorphism e with respect to the standard basis of k'.

Remark 3.6. In [13] the authors impose the condition that the D-ring structure
e must be a section to the projection map 7f': D(R) — R. This forces o1 to be
the identity. Under this condition, every D-ring in Example 3.3(1) has 0 = idg
and hence may be thought of as a differential k-algebra. We do not impose this
condition in this paper, but we will show that our results also work in this context
in Section 6.1.

We now specify the morphisms of the categories we are working in. These were
defined in Section 3.1 of [12].

Definition 3.7. If (R,e) and (5, f) are two D-rings, then ¢: (R,e) — (S, f) is
a D-homomorphism if it is a k-algebra homomorphism and the following diagram
commutes:

R—— S
If S is an R-algebra, then we will call (S, f) an (R, e)-algebra if the structure
map R — S is a D-homomorphism. If (S, f) and (T, g) are both (R, e)-algebras
and ¢: S — T is a map between them, then we say that ¢ is a (R,e)-algebra
homomorphism if it is an R-algebra homomorphism and a D-homomorphism.

Remark 3.8. Note that in the context of Example 3.3(1) above, where o is the
identity map, a map being a D-homomorphism is equivalent to it being a differential
ring homomorphism. In the context of Example 3.3(2), being a D-homomorphism
is equivalent to being a difference ring homomorphism for each endomorphism.

From now on we will denote by Alg .y the category of (R,e)-algebras with
(R, e)-algebra homomorphisms.
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3.1. The tensor product of D-structures. We now need the correct notion of
base change in the context of D-algebras. That is, given a D-ring (R,e) and an
(R, e)-algebra (T, g), for any (R,e)-algebra (5, f) we need a D-ring structure on
S ®gr T that makes S @ T into a (T, g)-algebra. In [2], it is proved that there
exists a unique D-structure, f ® g (called (f, g) in [2]), on S ®g T which makes the
natural maps ¢g: S = S®rT and ¢r: T — S ®gr T into D-homomorphisms. We
recall the definition of this structure:

D(S®rT)
D(¢s) D(éT)
f®g
D(9) D(T)
Dlus) S@rT Dler)
f g
s D(R) éT
S T
e
Ls LT

Explicitly,

(f@g)(s®t) = (D(gs)o f(s)) - (D(¢r) © g(t))
where - is the product in D(S ®@g T).

A short computation shows that this agrees with the correct notions of deriva-
tions on tensor products: (§ ® d)(s ®t) = §(s) @t + s ® d(t) (see [4, pg 21]), and
endomorphisms on tensor products: (c ® 7)(s ® t) = o(s) ® 7(t).

In addition, if we have an (R,e)-algebra homomorphism 6: S — U, then the
map 0 Ridy: S®rT — U®RrT is a (T, g)-algebra homomorphism. Indeed, we see
this from the following diagram:

D(U) ?(U Or T)
D(S) - T D(S &n T) x ™ D(T)
; o
0 | L
s / SSRT i \ T

0 ® idp is clearly a T-algebra homomorphism, so it remains to show the dashed
square commutes. Every other face in this diagram commutes by the result above,
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and since every element of S®pz T is a sum of elements of the form s®t, the dashed
face also commutes. So we have proved the following:

Corollary 3.9. Let (R, e) be a D-ring, and (T, g) an (R, e)-algebra. Define F'P: Alg(r.e) —
Algr.g) by FP(S, f) = (S®gT,f®g) on objects, and FP () = 6 @ idy on mor-
phisms. Then, FP is a functor which is just the classical base change functor on

the underlying algebras.

We finish this section with the following lemma which will be used in Section 6.1.
It describes the associated endomorphisms of the D-structure on tensor products.

Lemma 3.10. Let (R,e) be a D-ring and (S, f),(T,g) € Algg,e)- If (S, f) has
associated endomorphisms o; and (T,g) has associated endomorphisms T;, then
(S®rT, f®g) has associated endomorphisms o; ® ;.

Proof. Using the notation of Definition 3.4, we have
5T o (1 @ g)(s @) = 7597 (D(gg) o f(s)) - 75%T (D(61) 0 g(1))
=i of(s)®1)- (L] og(t))
=0i(s) @ 7i(t)

4. THE MATRIX ASSOCIATED TO A FREE AND FINITE D-RING

In this section we establish some technical results that will be needed to con-
struct a left adjoint to FP in Section 5. We carry forward the notation from the
previous section. In particular, k is a field, D is a finite-dimensional k-algebra, and
Assumption 3.1 still holds.

Recall from the example in the introduction that, in general, the difference base
change functor had no left adjoint. There, the nonexistence of the left adjoint is
due to the fact that the matrix associated to the endomorphism,

A(f(1) Aa(f(e)) ] _ { 10 }
Aa(f(1)) Aa(f(e)) 0 0]
is not invertible.
We will show in Section 5 that if the associated matrix is invertible, then we can
construct a left adjoint to FP. The next subsection investigates conditions under
which the associated matrix is invertible.

4.1. The matrix associated to an endomorphism. As before, let A be a ring
and B an A-algebra which is finite and free as an A-module. We fix a ring endo-
morphism o: B — B with ¢(A) C A.

Definition 4.1. For an A-basis b = (b1,...,b,) of B, let M be the following
matrix associated to o:

1
A2
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where \; is the ith coordinate projection B — A with respect to the basis b. Note
that the maps \; are dependent on the basis b1, ..., b, and hence will change if the
basis changes.

We will say that o has invertible matrix with respect to the basis b = (b1,...,b,)
if MY is invertible in Mat, ., (A).

Proposition 4.2. The following are equivalent:

(i) o has invertible matriz with respect to some A-basis of B.
(ii) o has invertible matriz with respect to every A-basis of B.
(i) If b1,...,b, is an A-basis of B, then o(by),...,0(b) is also an A-basis of
B.
(iv) span,y(o(B)) = B.

Proof. (ii) = (i) and (iii) = (iv) are obvious.

For (ii) < (iii), note that My is just the change of basis matrix between the two
bases b1,...,b. and o(b1),...,0(b,).

For (i) = (ii), say o has invertible matrix with respect to b1,...,b,, and let
B1,-..,0, be some other basis. Let X be the change of basis matrix from the
b to the 3, that is, §; = Zj z;:bj, and Y = X', and let p; be the A-module
homomorphisms with Mi(Zj a;f;) = a;. Then,

o(Bi) = Za(xji)a(bj)
=3 " olwji) Mo (by))br
J k
=353 (@) Ak(0(0))ynkBn
J k n

and so pn(0(B:)) = 32, 221 0(x5i)Ak(0(b;))ynk, that is, Mg = Y MJo(X). Now
since X is invertible, o(X) is invertible in Mat,«.(A). So Mg is invertible.

For (iv) = (iii), assume by,...,b, is an A-basis of B. Any b € B has b =
> a;o(B;) for some f3; € B. Also, B; = Zj ;b5 since the b; are a basis, and so b =
> 2. aio(aij)o(bs). Then, o(b1),...,o(b.) spans B over A. Now write X for the
matrix where o'(b;) = > ; z;;b;, and Y for the matrix where b; = 3, y;;0(b;). Then,

since by, ..., b, is a basis, we have that XY = I, and so by taking determinants, we
see that X and Y are invertible in Mat,.»,-(4). Then, o(b1),...,0(b,) is an A-basis
of B. |

Definition 4.3. As a result of this proposition, having invertible matrix is inde-
pendent of the choice of A-basis of B. We will say that ¢ has invertible matrix if
any of the above conditions hold.

The following lemmas explain the connection between the endomorphism ¢ hav-
ing invertible matrix and being an automorphism.

Lemma 4.4. Ifo|la: A — A is an automorphism, then o is an automorphism on
B if and only if o has invertible matriz.

Proof. Define B to be the A-algebra with underlying ring B, but A-algebra struc-
ture map a — o(a). Since 0|4 is an automorphism, B? is a finite and free A-algebra
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of the same rank as B: in fact, if b1,...,0b, is a basis of B, then it is also a basis of
B?. Now the map f: B — B¢ given by f(b) = o(b) is actually A-linear, with

f(by) = Z Aj (o (bi))b;
= Za(aul/\j(a(bi)))bj

and so the matrix of the A-linear map f is J|21(Mg). Then, f is an isomorphism
if and only if J|;11(Mg) is invertible, if and only if ¢ has invertible matrix. ]

Lemma 4.5. If o is an automorphism on B, then o|a is an automorphism on A.

Proof. Tt is enough to show that o|4 is surjective onto A. Note that since o is
surjective onto B, the A-linear span of {o(b1),...,0(b.)} is B, and by a similar
argument to the proof of (iv) = (iii) in Proposition 4.2, it must be an A-basis. Now,
let @ € A. Then there is a b € B such that ao(b) = o(b). Writing b = >_._, a;b;
for some a; € A, we get ac(br) = >_._, o(a;)o(b;). Since {a(b1),...,0(b.)} is an
A-basis, we get that a = o(ay), and hence o|4 is surjective onto A. |

As a result, we see that if o is an automorphism of B, then it has invertible
matrix. It turns out the converse is not true, as we point out in the following
example.

Example 4.6. Let A = R(z1,22,...), B=C(x1,29,...), with basis b; = 1,by =1,
olc =id¢, and o(z;) = x;41. Note that A and B are fields and that o and 0|4 are
not surjective. However, the associated matrix is

MO — A(o(b1))  Ai(o(b2)) _ 1 0
P Aee(B) Aa(o(be) 0 1

which is invertible.

On the other hand, one can have an injective endomorphism o that does not
have invertible matrix.

Example 4.7. Let K be a field, A = K[z] and B = Ale]/(¢?) with o(p(x) +
q(z)e) = p(x) + zq(x)e. Then with respect to the basis b = {1,¢}, we have

ye - | Male®) /\1(0(52))]:[1 0]
’ A2(a(b1))  Az(o(bz)) 0 =z

which is not invertible in Matgxo (K [x]).

4.2. The matrix associated to a D-ring. We now extend the ideas of the pre-
vious subsection to the more general case of D-rings. Just as we can associate a
matrix to an endormophism of B, we can associate a matrix to a D-ring structure
on B which, when invertible, will allow us to construct a left adjoint to F? in
Section 5. Here, we analyse this matrix and the conditions on its invertibility.
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Let (A,e) be a D-ring and let (B, f) be an (A, e)-algebra, where B is a finite
and free A-algebra. For any k-basis ¢1,...,¢; of D and any A-basis by, ...,b,. of B,
consider the following 7l x rl matrix with entries in A:

My My -+ My,

My My -+ Mo,
M =

Mpw Mo - My

)

where M,,; is the r x r matrix given by

l
(Moj)ni = Y ajrmAn(f (b))
k=1

Recall that A, : B — A is the coordinate b,-projection. The elements a;im € k
are defined by €;e1, = an:l @jkmEm, and fr: B — B is the coordinate of f with
respect to € given by f(r) = ZL=1 fi(r)ex. We call M the matriz associated to
(B, /).

We will now briefly explain where this matrix comes from and why we need to
consider its invertibility. Define the functor D¢: Alg, — Alg, by setting D¢(R)
to be the ring D(R) but with A-algebra structure given by the composition of
e: A — D(A) with the natural map D(A) — D(R). See Notation 3.9 of [11] and
the discussion after Remark 2.10 of [2]. On morphisms, D°(«) = D(«). We define
D’ Algg — Algg similarly. Suppose u: R — D(R) is a D-ring structure on the
A-algebra R. Then (R,u) is an (A,e)-algebra if and only if u is an A-algebra
homomorphism R — D¢(R).

We now define a natural transformation p: FD® — D/ F in the following way: for
any A-algebra R, we have a natural A-algebra homomorphism D¢(R) — D (R ®4
B) and an A-algebra homomorphism B — Df(R ®4 B) coming from the composi-
tion of f with the natural map. Since D¢(R) ® 4 B is the coproduct of A-algebras,
we get an A-algebra homomorphism pgr: D¢(R)®4 B — Df (R®4 B), which is also
a B-algebra homomorphism. It is clear from its construction that p is natural in
R.

Lemma 4.8. The component of i at R, pur: D°(R) @4 B — D/ (R®4 B), is an
R-linear map of free R-modules with the natural R-module structure. With respect
to the R-bases {e, @by} of D*(R)®@4 B and {1®b,em} of DI (R®4 B), the matrix
representation of ur is M. In particular, p is a natural isomorphism if and only if
M is invertible.
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Proof. That ug is R-linear is clear from construction. The explicit formula for pg
is given by

T l T l l
Z Zﬁ:ﬁj ®bi'_>z ng'@l&?j : <Zl®fk(bi)5k>
k=1

i=1 \j=1 i=1 \j=1

T l l l
= ZZZ Z ajemTij @ fr(bi) €

i=1 j=1k=1m=1

A
= ZZZ Z Za’jkmAn(fk(bi))rij ® by €m

i=1 j=1k=1m=1n=1

which immediately shows that M is the matrix of ur with respect to the aforemen-
tioned bases. ]

From the lemma, we see that if M is invertible, we have a natural transfor-
mation WD? — WDIFW — WFD*W — D°W coming from the composition
of =1 with the unit and counit of the classical adjunction. If g: C — Df(O)
is a B-algebra homomorphism, then composing the above natural transformation
with the morphism W (g): W(C) — WD/ (C) gives an A-algebra homomorphism
gV W(C) — D*W(C). In the next section, we will see that this D-structure on
W (C) yields the left adjoint of FP. For now, we study the invertibility of M.

Note that M depends on the choice of the k-basis of D and the A-basis of B.
The following result shows us that invertibility of M is actually independent of the
k-basis of D. After the proof of Theorem 4.10, we will see that invertibility of M
is also independent of the A-basis of B.

Proposition 4.9. Suppose we have two bases e = {e1,...,e;} andw = {w1,...,wi}
of D, with X the change of basis matriz from the € to the w, that is, w; =
Zé-:l xj:€5. Let X be the vl x rl matriz obtained from X by replacing each en-
try x by the v x r block xI, where I is the r X r identity matrixz. Write M€ for the
matriz M corresponding to the basis € and similarly for M¥. Then,

MY =X"'MX

Proof. Let a;;;, be the product coefficients of the € and «j;, for the w. Also, write
f; for the ith operator with respect to the basis ¢ and similarly for f;. We can
obtain a relation between these by noting that the homomorphism f: B — D(DB)
they induce must be the same, that is:

l

l
S F0) ei=Y frb) wiforalbe B
i=1

i=1

To ease notation, let Y = X 1. Let N = YM<X. Then, the mj block of N is

Npm :ZZY M X
—Zzymp q¥qj
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Then the ni element of N,,; is

(ij)ni = Z Zympxqj(M;q)m
p q
= Z Z Z YmpTqjaqkpin(fi (bi))
p q k

- Z Z Z YmpTqjAqkpAn (Z Tir [ (b2)>
P q k r

= Z Z Z Z (Ekrympmqjaqkp)\n(f:}(bi))
p q k T

= Z (Z Z thympwqjaqkp> A (£ (bi)
T P q k

We now claim that oy, = Z%q,k ThrYmpTqjaqrp. Indeed, we have

%w:<%ﬁ¢0<%kmo

= E :xqjxkraqkpap
q,k.p

- § Lqj TkrAqkpYupWu
q,k,pu

Then the claim follows.
It then follows that

=D jemAa(fi (02))
k

- (M;;)Lj)m
and hence M¥ = Y M<X. ]

This proposition tells us that invertibility of M is independent of which k-basis
of D we choose. We now construct a “suitable” basis of D in order to characterise
invertibility of M in Theorem 4.10 below. This basis is constructed as follows.
Write D = By X ... X By where each B; is a local, finite-dimensional k-algebra
with residue field k (see Assumption 3.1). Let m; be the unique maximal ideal of
B;. Nakayama’s Lemma tells us that m; is nilpotent: say d; is minimal such that
mg’iH = 0. It then follows that for each B; we can find a k-basis B; = Uj;o B{

where Bg is a k-basis of mz modulo mg'H. Note that since the residue field of B;
is k, we may choose BY = {1}. Embed these bases inside D in the usual way,
that is, if z € B;, send z to the element of D with x in the ith position and zeros

elsewhere. Then, the union of these forms a basis B of D. Order B = U§:1 U;i‘zo Bf

lexicographically on ¢ and j. The ordering of each Bg does not matter. We will
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write the elements of B as 1,...,¢;. Let a;im be the product coefficients of B; that
is, g6 = anzl @jkemEm.-

By the construction of the basis, we know that €;e;, = 0 whenever ¢; and ¢y,
come from different B;. If they come from the same B;, then they can be expressed
as a linear combination of B;, and so if £, does not come from B;, it will not appear
in this linear combination. So we see that a;,, = 0 unless €;, €, and €, all come
from the same B;.

Furthermore, if ¢; € B and ¢ € B}, then ¢je;, € span(UZ;m_p B!). Hence, if
em € B} for ¢ < n+p, ajrm = 0. From these facts we can deduce the values of
ajLm in specific cases:

(1) m<jand p>0: ajkm =0.
Since m < j, ¢ < n, and hence ¢ < n + p. By the above, a;rm, = 0.
(2) m < jand p=0: ajkm =0.
Since p = 0, €, is the 1 in B;. Then, cjep = €5 # €m.
(3) m=jand p > 0: ajkm = 0.
Again, asm=j,gq=mnand so g < n+ p.
(4) m=jand p=0: ajkm = 1.
€j€k = €5 = Em. SO Ajkm = 1.

Now, recall the definition of the matrix M:

My My -+ My,
Moy Mo -+ Mo,
M =
My Mo -+ My
where
1
(Mmj)ni = ZajkmAn(fk(bi))
k=1
With respect to the chosen basis, B = {e1,...,¢;}, we now investigate the shape

of each block M,,; for m < j. Consider first the case when m < j. As pointed out
above, if €; and €, belong to different B;, then ajim = 0 for all k. Otherwise, we
are in cases (1) or (2) above, and hence a;jm, = 0 for all k. Hence, the block M,,;
is 0.

Now consider the case m = j, that is, the block Mj;;. Again, if ¢; and ¢, belong
to different B;, then a;r; = 0 for all k. If they belong to the same B;, then case
(3) tells us that ajr; = 0 when p > 0, and (4) tells us that a;,; =1 when p=0. In
conclusion, (Mj;)ni = An(fx(b;)) where k is such that e, € B and ¢; € B,.

From Definition 3.4 we see that the ith projection map 7; is just the map that
projects onto the coefficient of &;, where e, € BY. Hence, the ith associated endo-
morphism of (B, f), denoted oy, is just fi. Note that o; has this form because of
the chosen basis of D.
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So in all, M is a block lower triangular matrix whose diagonal r x r blocks M;;
are of the form

A(oi(b1))  Ai(oi(b2)) -+ Ai(oi(br))
. Aa(0i(b1))  Az(oi(b2)) -+ Az(oi(br))
My = : .
A(oib)) A(i(b2)) - Arlailbr)
for some i =1,...,t.

Note that M;* is the matrix associated to the endomorphism o; as in Section 4.1.
Hence, we have proved the following important result:

Theorem 4.10. M is invertible if and only if each associated endomorphism of
(B, f) has invertible matriz (in the sense of Section 4.1).

Remark 4.11. Combining this theorem with Propositions 4.2 and 4.9, we see that
invertibility of M is independent of the choice of bases of D and B.

5. WEIL DESCENT FOR D-ALGEBRAS

In this section we prove the main theorem: Theorem 5.5 below. As before, we let
(A, e) be a D-ring, (B, f) an (A, e)-algebra where B is a finite and free A-algebra.

The proofs in this section make use of the natural transformation p: FD¢ —
DI F defined in the previous section whose invertibility is equivalent to the invert-
ibility of the matrix M—the matrix associated to (B, f)—by Lemma 4.8. Further-
more, recall that in Theorem 4.10 we proved that M is invertible if and only if the
associated endomorphisms of (B, f) have invertible matrix. For the remainder of
this section, in addition to Assumption 3.1, we make the following assumption:

Assumption 5.1. The associated endomorphisms of (B, f) all have invertible ma-
trix. Equivalently, x4 is a natural isomorphism.

The following is part of the content of our main theorem.

Theorem 5.2. The D-base change functor, FP, has a left adjoint WP. More
precisely, for a (B, f)-algebra (C, g), there exists a unique D-structure g on W (O)

that makes the unit of the classical adjunction, nc, into a D-homomorphism. WP
has the form WP(C,g) = (W(C),g").

Before proving this result, we fix some notation. Since W - F, we have the
natural transformations given by the umit, n: idag, — FW, and the counit,
e: WE — idaig,. We do not need to refer to the k-basis of D in this section, so we
will use € to denote the counit. We will often identify a functor with the identity
natural transformation on that functor. Recall the functors D¢: Alg, — Alg, and
D’ Algp — Algy defined in the previous section where D¢(R) is the ring D(R)
but with A-algebra structure given by the composition of e: A — D(A) with the
natural map D(A) — D(R), and on morphisms, D¢(«a) = D(«). Recall also that a
D-ring structure on R making it into an (A, e)-algebra is equivalent to an A-algebra
homomorphism R — D¢(R).

Remark 5.3. Suppose (R,u) is an (A, e)-algebra so that u: R — D¢(R) is an A-
algebra homomorphism. Then pgo F(u): F(R) — Df F(R) is the D-ring structure
on F(R) corresponding to u ® f from the D-base change functor in Section 3.2.
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We now use the natural isomorphism p to define a suitable D-ring structure on
W (C). For ease of notation we first define the natural transformation

¢C: WDl — Dew

by the composition

) wo! WP ot pw Yy ppewy <2 peyyy

Now suppose (C,g) is a (B, f)-algebra, so that g corresponds to the B-algebra
homomorphism g: C — Df(C). Let g% = (c o W(g): W(C) — D*W(C). Then
(W(C),g") is an (4, e)-algebra. We define the functor WP on objects as WP (C, g) =
(W(C),¢g") and on morphisms as WP (a) = W (a). Since both W and ¢ are natu-
ral, it is clear that if « is a D-homomorphism, then W («) is a D-homomorphism,
so that WP is actually a functor. We now need to show that W7 is left adjoint to
FP by showing that the natural bijection coming from the classical adjunction

Hompjg , (W(C), R) — Hompg, (C, F(R))
¢ — F(¢) onc
ero W) ¢
restricts to a natural bijection
Homayg , ., (WP(C,g), (R,u)) — Homayg,, . ((C,g), F* (R, u))
¢ = FP(¢) one
eroWP(Y) ¢
We will do this by showing that both n¢ and e are D-homomorphisms with the

appropriate D-structures defined above. Consider the following diagram of natural
transformations:

FwD! TV pd EW YA Ve ppew ERW ppeyy Y pf pyy

nD’ T nD’ FWT . nFD® WT /

Df
pf P pirpw WV, ppew

The squares commute due to naturality of 7, and the equality is due to the
adjunction axiom: Fe onF = F. The composition along the top row is uW o F(.
By naturality of 1, we get

Fw () ™9 pwpi(c)
ncT %wa
c —L—— DIO)
and putting these together we get

f
DI(C) — 29, piFw(C)

QT Tuw(c)OF(gw)

c —1 5 FW(0)

so that n¢ is a D-homomorphism by Remark 5.3.
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Suppose now that ¢’ is a D-ring structure W(C') — D*W(C) making n¢ into a
D-homomorphism, so that the following diagram of B-algebras commutes:

pt(C) —2199)  prpw ()
g THW(C)OF(Q/)

c—" 5 FW(0)

Since p is an isomorphism, this is equivalent to the following diagram of B-
algebras commuting;:

D)@ ") ppeyy (o)
(*) g TF(Q’)

c —" - FW(C)
Consider now the diagram of A-algebras

Wik ey oD” (1))
WD/ (C) O W Fpew (C) DW (C)

W(gﬁ TWF(g') g'T

we) — Y1) wEwe) — M9 we)

EDew (C)

Note that the left square commutes by applying W to square (x), and the right
square commutes by naturality of €. By the adjunction axiom eW o Wn = W, the
composition along the bottom is idy (), and the composition along the top is (¢
by definition. So ¢" = ¢, and we have proved the following.

Lemma 5.4. ¢" is the unique D-structure on W (C) making (W (C), g") into an
(A, e)-algebra and the unit, no, into a D-homomorphism.

The adjunction axioms tell us that FeonF = F, so that Df Fe o DfnF = D/ F.
Since p is natural, the following diagram commutes :

FDWF X2 ppe

LAWF lu

DIFWF 2'Fs pip

o]

DIF
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Now apply W and use naturality of the counit to get

DWEF — P, pe

EDEWFT EDBT

WEDWF —WFDe , yppe

le,WF lW,u,

WDIFWEF —WP'Fe  ypfp

wor]

WDIF
Note that the composition up the left is precisely (F. So eD¢ = D¢ o (F o W p.
Naturality of € gives

WF(u) CF(R)OW KR)

WF(R) —% WFD¢(R) —— 22",

J{ER lﬁvﬂm
D*(er)

R —— D(R

DWF(R)

and since the composition along the top row is (ugr o F(u))", the counit e is a
D-homomorphism.

Theorem 5.5 (The D-Weil Descent). Suppose (A,e) is a D-ring and (B, f) is
an (A, e)-algebra, where B is a finite and free A-algebra. Suppose also that the
associated endomorphisms of (B, f) all have invertible matriz. Then, the D-base
change functor, FP: Algia.c)y = Alg(p, sy has a left adjoint denoted WP called the
D-Weil descent. More precisely, WP (C, g) = (W(C),g") where gV is the D-ring
structure defined by (c o W (g) and ¢: WDF — DEW s the natural transformation
defined in equation ().

In fact, the natural bijection 7(C, R) from the classical adjunction restricts to a
natural bijection:

D((C7 g)? (Rv u)) HomAlg(A&) (WD(Cv g)’ (Rv U)) - HomAlg(Bﬁf) ((Ca g)v FD(R’ u))

Remark 5.6. If we apply this theorem to the case when D = k, we get what we call
the difference Weil descent and denote it W. In this case, D-rings are rings with
a single (not necessarily injective) endomorphism.

6. FURTHER REMARKS

In this section we investigate three further aspects. Firstly, we make some obser-
vations about properties of the associated endomorphisms that are transferred by
the D-Weil descent. In particular, we prove that if an associated endomorphism of
(C, g) is trivial, then the same is true of the D-Weil descent, (W (C), g""). Secondly,
we prove results about the composition of a Dj-structure and a Ds-structure and
their Weil descents. In particular, we will show that commutativity of these struc-
tures is preserved after taking the Weil descent. These two subsections imply that
the result of this paper is an actual generalisation of the case of several commuting
derivations from [7]. Thirdly, we explore the necessity of the condition that the
associated endomorphisms of (B, f) have invertible matrix for the existence of the
D-Weil descent.
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Throughout this section, unless stated otherwise, (A,e) is a D-ring, (B, f) is
an (A, e)-algebra, where B is finite and free over A, and (C, g) is a (B, f)-algebra.
Assumption 3.1 is still in force.

6.1. Transfer properties of the associated endomorphisms. Recall from Def-
inition 3.4 the projection maps for D. If D = H:f:l B; where each B; is a local
k-algebra with residue field k, then 7;: D — B; — k is the composition of the pro-
jection onto the ith component of D with the residue map onto k. These m; lift to
R-algebra homomorphisms 7: D(R) — R. Then the associated endomorphisms
of a D-ring (R, e) are defined by noe foreachi=1,...,¢t.

Lemma 6.1. Let (C,g) be a (B, f)-algebra, and suppose that the associated endo-
morphisms of (B, f) have invertible matriz. Then the associated endomorphisms
of the D-Weil descent of (C,g) are the difference Weil descents of the associated
endomorphisms of (C,g). In particular, if an associated endomorphism of (C,g) is
trivial, then so is the corresponding one of WP (C, g).

Proof. Let (03), (1), (vi), (p;) be the associated endomorphisms of (A, e), (B, f),
(C,g9), (W(C),g"), respectively. We need to show that p; = v}V". Consider the
following diagrams for each i =1,... ¢

c — 5 F(W(0))
W?T T{(W(cn
p(C) 2% DF(W(C)))

9T gVef

c — 5 F(W(0))

The compositions of the vertical maps on the left are v; by definition. On
the right they are p; ® 7; by Lemma 3.10. Hence p; is a difference structure on
W(C) that makes (W (C), p;) into an (A4, o;)-algebra and 7n¢ into a (B, 7;)-algebra
homomorphism. Since 7; has invertible matrix, Lemma 5.4 tells us that such a
difference structure is unique, and so we must have p; = v, 7

For the in particular clause, since the following square commutes

Cc 1% F(W(C))
ide Tidw(c)@)idB
Cc % F(W(C))

we must have (id¢)" = idw ¢y by the uniqueness of the difference structure on
W(C) making it an (A,id)-algebra and ne a (B,idp)-algebra homomorphism.

Note here that idg has invertible matrix. [ |

Remark 6.2. This lemma tells us that we may apply our D-Weil descent result
(Theorem 5.5) in the context of [13]. Recall that, there, the authors impose the
condition that for a D-ring (R, e), e must also be a section to i, and hence that
the first associated endomorphism must be the identity. Thus, if (A4,e) and (B, f)
have trivial first associated endomorphism, we may consider the category of (A, e)-
algebras (R, u) where u has trivial first associated endomorphism, and similarly for
(B, f)-algebras. Denote these subcategories AIg?Aye) and AIgE‘B’f). One checks that
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FP can now be considered as a functor Alg(, ., — Alg{p f), and the previous lemma
tells us that WP restricts to a functor AIgZ‘B’f) — Alg(y ) which is still left adjoint
to FP. In particular, our result is an actual generalisation of the single derivation
case from [7], since the category of differential A-algebras is equal to Alg(4 ) when
we take D = klg]/(g?).

We point out here that WP does not in general preserve injectivity of the associ-
ated endomorphisms. That is, if the ith associated endomorphism of g is injective,
the ith associated endomorphism of ¢"' may no longer be injective.

Example 6.3. Let D = k so that the associated endomorphism of a D-ring struc-
ture is just the D-ring structure itself. Let A = Fy be the field with two elements,
and let B = Fale]/(2). Let id4 and idp be the D-ring structures on A and B
respectively. Note then that if (C, p) is a (B, idp)-algebra, p is a B-algebra endo-
morphism of C' making the following diagram commute:

Cc 12 F(W(C))
"T oV ®idp
c 2 F(W(C))

Note also that since p is a B-algebra endomorphism, it is a morphism in Algp,
and so we may apply the classical Weil descent to it. Theorem 2.1 tells us that
W(p) =p".

Let C = BJt] and let p be the unique map extending idg on B and sending
t — t2. Then p is injective. Recall from Section 2 that W (B][t]) = A[t] ®.4 A[t] and
that no(t) =t(1) ® 1 +¢(2) ® e. Then

no(p(t)) = no(t?)
=ne(t)?
=t(1)*®1

where the last equality holds because €2 = 0 and we are in characteristic 2.
Also

(W(p) @idp)(nc(t)) = W(p)(t(1) @ 1+ W(p)(t(2)) @&

By the commutativity of the diagram, we have that W(p)(t(1)) = #(1)? and
W(p)(t(2)) = 0. Hence W (p) is not injective.

Remark 6.4. (1) This example tells us that in general the difference Weil de-
scent functor does not restrict to the categories of algebras equipped with
an injective endomorphism. However, Corollary 6.9 will tell us that the dif-
ference Weil descent does preserve automorphisms, and hence will restrict
to a functor in the categories of inversive difference algebras (see [§]).

(2) The example above uses in an essential way the fact that the characteristic
is positive. We are not currently aware of such an example in characteristic
Z€ro.
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6.2. The composition of a D;-structure and a Dy-structure. Suppose we now
have two finite-dimensional k-algebras Dy = H:;l B; and Dy = Héil C; where each
B; and C; are local with residue field k. Then, Dy ® D1 = [[;L, [[}21 C; @& Bi.
From [16] we know that C; ®; B; is local with residue field k, and hence Dy ®; Dy
satisfies Assumption 3.1. We may then consider the category of Dy ®j D;-rings.
We will write these as D;Ds-rings since

(D2 @1 D1)(R) = R®y, (D2 @k D1) = (R @ D2) @) D1 = D1(D2(R))

for a k-algebra R.
If some k-algebra R has a D;-structure e; and a Ds-structure es, we can form a
D1 Ds-structure on R by the k-algebra homomorphism

Dl(eg) oceq: R — D1D2(R)

We now investigate the Weil descent of this composition of D;-structures and Ds-
structures. Suppose R, S, and T all have a D;-structure ey, f1, g1 and a Dsy-structure
ea, f2, go that make (S, f1) and (T, g1) into (R, eq)-algebras and (5, f2) and (T, g2)
into (R, e2)-algebras. We can then define D; Dy-structures on each of them as above.

Lemma 6.5. Assuming the notation of the paragraph above, we have
Di(fa®g2) o (f1 ® g1) = (D1(f2) © f1) ® (D1(g2) © g1).-

Proof. Consider the following diagram

D1 D5 (S) DDy (S ®rT)

D1D- (R) D1Do (T) D1(f2®92)
D1(f2)
D1 (e2) Dl(S) Dl(S QR T)
/ Di1(g2) /
Dl(R) D, (T) f1®g1
fi
e1 S S®rT
/ g1 /
R T

The horizontal maps are just the natural maps. The lower cube commutes due to
the definition of the tensor product of D;-algebras, and the upper cube commutes
by applying D; to the cube that commutes due to the definition of the tensor
product of Ds-algebras. This means that Dy (fa®g2)o (f1 ®g1) is a Dy Day-structure
on S®prT that extends the ones on S and 7', and hence by uniqueness of the tensor
product of D;Ds-structures, we must have that

Di(fa®g2) o (fi ® g1) = (D1(f2) o f1) ® (D1(g2) © g1)
|

We now return to the case when B is a finite and free A-algebra, and let C be
a B-algebra.



22 SHEZAD MOHAMED

Definition 6.6. Let D-Strp(C') be the collection of triples (e, f,g) where e is a
D-structure on A, f one on B, and g one on C such that (B, f) is an (A, e)-algebra
and (C,g) is a (B, f)-algebra, and the associated endomorphisms of (B, f) have
invertible matrix. For any A-algebra R, let D-Str4(R) be the collection of pairs
(e,u) where e is a D-structure on A and u one on R such that (R, u) is an (A, e)-
algebra. The D-Weil descent then tells us that we have a map

()71 D-Strp(C) = D-Stra(W(C))

(e, f,9) = (e,g™")

Unless we need to be precise, we will drop the tuple notation and just use g for
(e, f,9) and u for (e,u). We will also suppress the D notation in the map (-)WD
and just write (-)". In what follows, we will make use of these maps for Dy,
D5, and D1Ds, but it will be clear from context which we mean: (o)WDl will be

wP2 wP1P2

applied only to Dj-structures, (-) only to Dy-structures, and () only

to D1 Ds-structures.

Lemma 6.7. The following map is well-defined.

@BS Dl—StIB(C) X DQ—StI‘B(C) — Dng—StrB(C)
((e1, f1,91), (e2, f2,92)) = (D1(e2) o e1, D1(f2) © f1,D1(g2) © g1)

Proof. Since (e1, f1,91) € D1-Strg(C), the following diagram commutes:

T

B C

Since (e2, f2,92) € Da-Strg(C), we get a similar diagram. Apply D; to this
second diagram and compose the vertical maps to get the following commuting
diagram:

D1D2(A) E— D1D2(B) e Dlpg(C)

91(62)0611\ Dl(f2)°f11\ Dl(gz)ogl)T
A B C

So these D1 Dsy-structures make the algebra structure maps into D1 Da-homomorphisms.
Finally, we need to check that the associated endomorphisms of (B, D1(f2) o f1)

have invertible matrix. Recall that the associated endomorphisms are defined using

the projection maps Do Qi D1 — k. For 1 < i <ty and 1 < 5 <5, we will say that

the (4, j)th projection map for Dy ®;, Dy is the composition Dy ®;, D1 — C; ®) B; —

k. Then we claim that the (4, j)th associated endomorphism of (B, D;(f2) o f1) is

o;7; where the 7; are the associated endomorphisms of (B, f1) and the o; are those

of (B, f2). To see this, consider the following commuting diagram:
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D1D2 4) Dl

Di(fs) % /
J

D1(B)

f1

i

B

where 7} is the ith projection map for D; and 7TJ2» is the jth projection map for Ds.

The lower triangle commutes due to the definition of 7;. The triangle in the
upper left commutes by applying D; to the definition of o;. It remains to show
that the composition along the top row is the (4, j)th projection map for Dy ®j D;.
But this follows from the commutativity of the following diagram

Dy @, D1 —— C; @ D1 —— k@, Dy

~ | |

Cj @ Bi —— k® B;

~

k®k

where the Composmon along the top row is Di(rw ) the composition along the
right column is 7w} and the diagonal composition is the (4, 4)th projection map for
Dy ®, Dy

Recall that Proposition 4.2 says that an endomorphism has invertible matrix if
and only if it sends any A-basis of B to another A-basis. Then, since 7; and o}
both have invertible matrix, o;7; must as well. |

A similar proof also shows that we have a well-defined map
O4: Di-Stry(R) X Da-Str(R) — D1 Da-Str,(R)
((e1,u1), (e2,u2)) — (D1(e2) o e1,D1(uz) o uq)
We also get maps
Dy-Strg(C) x D1-Strg(C) — D2 D;-Strg(C)
and
Do-Str 4 (R) x D1-Str4(R) — D2D1-Str 4 (R)

by exchanging the roles of D; and Dy. We will also denote these maps by ©p and
© 4, but it will be clear from context which one we mean.

Theorem 6.8. For g; € D1-Strg(C) and go € Dy-Strg(C),

93(91,92)W = @A(gl/v,ggv)
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Proof. Using the D;1-Weil descent and the Dy-Weil descent, the following squares

commute:

Dy(C) 29 Dy (FW(C))

T 91" ®f
C—"_, FW(C)

Dy(C) 229 D, (F W (C))

ng 93 ®f2
c —1 5 FW(C)

Apply D; to the second square and compose the vertical maps so that the fol-
lowing square commutes:

DyDy(C) —2221) s DDy (FW(C))
Dl(gQ)ong Tpl(g;v@fz)o(g}/v@fl)
C e FW(C)

By Lemma 6.5, the right vertical map is equal to (D1(gy ) o g{") ® (D1(f2) 0 f1)-
And hence, by the uniqueness of the Dy Dy-structure on W (C') that makes it into
an (A, Dy (ez) o eq)-algebra and n¢ into a (B, Di(f2) o f1)-algebra homomorphism,
we must have

(Di(g2) 0 91)" =Di(g3") 091"
[ |

We now apply this theorem to the difference case. Let D = Dy = Dy = k. Then,
Dy ® D1 =k and © 4 and O are just composition of endomorphisms. D-Strp(C)
is a monoid with composition © g and identity (id4,idp,id¢). Similarly, D-Str 4 (R)
is a monoid under O 4 and (id4,idg).

Corollary 6.9. In the notation of the above paragraph,
()W D-Strp(C) — D-Stra(W(C))
is a monoid homomorphism.

Proof. We have that ©p(g1,g2)" = (91 g2)"V and Oa(glV,93) =gV oglV. Then
Theorem 6.8 tells us that (g1 0 g2)"" = gV 0 g}V, Lemma 6.1 then tells us that

(idc)W = idw(cy- ]
Remark 6.10. Corollary 6.9 tells us that the difference Weil descent restricts to the
categories of inversive difference algebras, that is, algebras equipped with an auto-
morphism. Indeed, if (A4,e), (B, f) and (C, g) are all inversive difference algebras,
applying (-)" to the equations go g~! = idc = g~ ! o g tells us that g is also an
automorphism on W(C).

We now further develop these results to study the commutativity of a D;-
structure and a Dsy-structure. Let I" be the canonical isomorphism

I': Dy ®1 D1 — Dy @i Dy

a2 @ a1 — 1 @ Qo
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For any k-algebra S, I lifts to ' : S®;. Dy ®, D1 — S @) D1 @4 Ds in the usual way.
Therefore, I' induces maps D1 Da-Strg(C) — Dy D1-Strg(C) and Dy Da-Str4(R) —
DyD1-Str 4 (R) by applying the appropriate I' coordinate-wise. We will also denote
these maps I'. It should be clear from context which we mean.

Definition 6.11. Let S be a k-algebra, equipped with a D;-structure e; and a
Ds-structure e;. We will say that e; commutes with es if

I 0 Dy(ez) 0 ey = Da(er) o ea.

For g1 € D1-Strg(C) and go € Do-Strg(C), we will say that g; commutes with
g2 if
I'o©35(91,92) = OB(92,91)-

Similarly, for u; € D1-Str4(R) and us € Da-Str4(R), we will say that u; commutes
with Ug ifT"o @A(ul,uQ) = @A(UQ, ul).

Remark 6.12. If we choose bases of D; and Dy and think of e; and ey as their
corresponding sequence of free operators, the condition

o Di(ez) o e = Dyer) oey
says that every operator of e; commutes with every operator of es.
We now prove a modification of Theorem 6.8 that includes T'.
Lemma 6.13. For g; € D1-Strg(C) and g2 € Da-Strp(C),
(ToOp(g1,92)" =T 00491, 95")

Proof. Firstly, suppose eq, f1,91 and es, fa, g2 are D;- and Ds-structures on R, S,
and T making (5, f1) and (7, g1) into (R, e1)-algebras and (S, f2) and (T, g2) into
(R, es)-algebras. Consider the following diagram:

DyD1(S) DyD1(S®@rT)
D2D1(R)/ - D,Dy(T) /FS®RT
IR D1 Dy(S) DiD2(S®rT)
o
D1D2(R)/ DD, (T)/
S S®rT
! / ! /

where the horizontal maps are the usual ones and the vertical ones in the lower cube
are the compositions of the D;-structure and Ds-structure. By the uniqueness of
the DyD;-structure on S ®g T, we have that

D597 0 Dy (f, @ g2) o (fr @ g1) = (P 0 Di(f2) 0 f1) ® (I 0 Da(g2) 0 91)
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Now, returning to the original context, the following diagram also commutes:

DyD;(C) —— DoDy (F(W(C)))

FCT TI‘F(W(C))

D1 Dy(C) —— D1D2(F(W(C)))
91(92)0911\ T(Dl(gXV)ngV)®(D1(f2)of1)
wW(

c —2 5 FW(C))

Hence, T"(©) 0 Dy (g¥V) 0 g1V is a DyD;-structure on W(C) making it into an
(A,T4 o0 Dy (ez) o e1)-algebra and n¢ into a (B,T'E o Dy(f2) o f1)-algebra homo-
morphism. If the associated endomorphisms of I'® o D (f,) o f; all had invert-
ible matrix, then by the uniqueness of such a DyD;-structure, we must have that
(T€ 0 D1(g2) 0 g1)V =TV 0Dy (g¥) 0 g1V, from which the result follows.

Now, note that the (i, j)th projection map for Dy ®; Ds = Hfil H;;l B; ®C;
is D1 ®, Dy = Bj ®, C; — k. Let ngﬁp"’ denote the (i,7)th projection map
for D; ®i Do, and let 77627.@)9171 denote the (7,7)th projection map for Dy ®j Di:
Dy ®r D1 — C; ®, B; — k. Then ﬂ(Dilj@)om ol = 7782;?%. Thus, the (¢,7)th
associated endomorphism of I'Z oDy (fy)o f; is the (4,)th associated endomorphism
of Di(f2) o f1, 0;7j, which has invertible matrix. |

Corollary 6.14. Let g1 € D;-Strg(C) and gy € Da-Strg(C). If g1 commutes with
g2, then g}V commutes with g3 .

Proof. If g; commutes with g, then I' 0 ©5(g1,92) = O5(g2,91). Applying ()W
to this equation and using Theorem 6.8 and Lemma 6.13, we get [o© 4(g", g3V) =
O4(g¥,g1"). Hence, g}V commutes with gi". |

For a k-algebra S, we will say that a D-structure e on S commutes if ['oD(e)oe =
D(e)oe. Note that this is equivalent to saying that, with respect to a fixed basis of
D, the free operators corresponding to e pairwise commute. For g € D-Strg(C), we
will say g commutes if T'0©p(g,9) = O5(g, g), and similarly for u € D-Stra(R), u
commutes if T'o© 4(u,u) = ©4(u,u). An immediate consequence of Corollary 6.14
is the following.

Corollary 6.15. Let g € D-Strg(C). If g commutes, then g"V' commutes.

These results allow us to deduce that commutativity is preserved by the D-Weil
descent in several cases. We give details for the case of m endomorphisms and n
derivations.

Example 6.16. Suppose D = k[x1,...,z,]/(21,...,2,)% X k™ and that for every
D-structure, the first associated endomorphism is trivial (unless n = 0, in which
case we do not impose that any associated endomorphism is trivial). Then, a D-
structure is a collection of n derivations and m endomorphisms. Suppose also that
for a given A, B, C, all of the derivations and endomorphisms pairwise commute.
Then, by Corollary 6.15, we have that the Weil descents of all the derivations and
endomorphisms pairwise commute.

Remark 6.17. The n = 0 case also follows from Corollary 6.9. The m = 0 case
appears in [7].
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Remark 6.18. It seems possible that Corollary 6.15 could be extended to a more
general context where commutativity is replaced by an iterativity condition as in
Section 2.2 of [12]. We leave this for future work as it goes beyond the scope of this

paper.

6.3. On the necessity of having invertible matrix. It is a natural question to
ask whether a converse to our main theorem holds.

Question. If F? has a left adjoint, must every associated endomorphism of (B, f)
have invertible matrix?

We do not yet know the answer in general, but we do have the following partial
converse which imposes some mild conditions on such a left adjoint. We use the
following notation. For each z € D(B), let ¢*: B[t] — D(B][t]) be the D-structure
on BJt] that extends f on B and sends t — 2.

Theorem 6.19. Suppose FP has a left adjoint, WP, and that for each z € D(B)
the underlying A-algebra of WP (B[], g%) is a faithfully flat A-module. Then, the
associated endomorphisms of (B, f) all have invertible matriz.

Proof. Note that by [18, Section 1.9], for any R-algebra S, S is a faithfully flat
R-module if and only if S is a flat R-module and every linear system of equations
defined over R which has a solution in S already has a solution in R.

For z € D(B), consider the unit of the adjunction n: (B[t],¢*) — FPWP(B[t], ¢*).
That this is a D-homomorphism at ¢ means that

l r
(1) DD Al () ® by em =

m=1n=1
T l l r l
Z Z Z Z Z ajkm/\n(fk(bi))hj()‘i(n(t))) ® b em
i=1 j=1k=1n=1m=1
where h* is the D-structure on WP (B[t],¢%). Write z = Y., Bmem and B, =
Yo Gnmbn. Then, Ay (1n(97,(t)) = M(M(Bm)) = An(Bm) = @nm since 7 is a B-
algebra homomorphism.

Let a be the vector in A™ of the elements a,.,. Then, equation (*) tells us that
we have a solution in WP (B][t],¢*) to the system a = Mz. Since WP (B][t], %)
is faithfully flat, we have a solution in A, and hence M is onto as a linear map
A"t — A" Let e; be the standard basis of A™ and u; € A™ with Mu; = e;. Then,
the matrix whose columns are u; is a right inverse to M. Taking determinants tells
us that M is invertible. ]

If A is a field, then WP (B][t],g?) is a free A-module—hence faithfully flat—so
Theorems 5.5 and 6.19 yield the following:

Corollary 6.20. Suppose A is a field. Then, FP has a left adjoint if and only if
the associated endomorphisms of (B, f) all have invertible matriz.

This result specialises to the difference case:

Corollary 6.21. Suppose (K,0) < (L, ) is an extension of difference fields where
L/K is finite and o is an automorphism. Then, the difference base change functor
has a left adjoint (the difference Weil descent).
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Proof. Note that by Lemma 4.4, 7 is an automorphism if and only if it has invertible
matrix. Since o is an automorphism, L/K is a finite-dimensional K-vector space,
and 7 is injective, 7 must also be an automorphism. |

7. APPENDIX: AN EXPLICIT CONSTRUCTION OF THE D-WEIL DESCENT

While the construction of the D-ring structure ¢g" given in Section 5 is very nat-
ural, it does not yield an explicit or computational construction. In this appendix

we will sketch a construction that parallels the classical one. Let €1,...,¢; be a
k-basis of D and by, ...,b, an A-basis of B. We continue to impose Assumptions 3.1
and 5.1.

We need some notation and a technical result relating the matrix M to whether
an algebra homomorphism is also a D-homomorphism.

Notation. For a collection of elements {xij: 1<i<rl<j<I}in some A-
algebra, we write (z;;) for the ril-vector ordered reverse lexicographically on the
indices 7 and j. We write M - (z;;) to denote the standard matrix multiplication of
an rl x rl matrix with an rl-vector. Thus, the result is an rl-vector.

Lemma 7.1. Let (C,g) be a (B, f)-algebra, (R,u) an (A, e)-algebra, and ¢: C —
F(R) = R®a B a B-algebra homomorphism. Then, ¢ is a (B, f)-algebra homo-
morphism if and only if the following equation holds for every c € C':
(%) (Xigpgj(c)) = M - (u;Aig(c))

As a result, when M is invertible, the values u;N\;¢(c) are uniquely determined.

Proof. ¢ is a (B, f)-algebra homomorphism if and only if it is a D-homomorphism,
if and only if the following diagram commutes:

p(C) 22 D(F(R))
gT u® f
¢

C ——— F(R)
Now expand both compositions and equate coefficients of the b,&,,. |

Remark 7.2. If some S C C generates C' as a B-algebra, then it is enough to ask
for equality (*) to hold for every s € S.

Our explicit construction of the D-Weil descent parallels the classical construc-
tion. So we need the algebraic notions of D-ideals, D-quotients, and D-polynomial
rings. The proofs will be mostly omitted—they all essentially follow from simple
computations using the fact that D is a free and finite k-algebra.

Definition 7.3. Let (R, e) be a D-ring, and let I be an ideal of R. We say that
I is a D-ideal if e(I) C D(I) := I ®; D. Note that D(I) is an ideal of D(R): if
IR C I, then

D(I)-D(R)=(I®; D) - (R®, D) CI®D.

Remark 7.4. In the context of Example 3.3(1) where o is trivial, I is a D-ideal if
and only if it is a differential ideal, that is, if 6(I) C I. For Example 3.3(2), D-ideals
are ideals with o;(I) C I for each i.

Lemma 7.5. Let (R,e) and (S, f) be two D-rings and suppose ¢: R — S is a
D-homomorphism. Then, ker ¢ is a D-ideal.
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Lemma 7.6. Let I be an ideal of R. Then, D(R)/D(I) =2 D(R/I).
Lemma 7.7. Let (R,e) be a D-ring, (S, f) an (R,e)-algebra, and I a D-ideal of
S. Then, there exists a unique D-ring structure on the quotient S/I given by
f:8/I — D(S/I)
s+1— f(s)+D()
which makes the quotient map q: S — S/I into an (R, e)-algebra homomorphism.

We now need the natural notion of a D-polynomial ring. These have been defined
in Section 3.1 of [12] (implicitly) and in Remark 3.8 of [13]. We expand on the
details here. First fix a k-basis ¢ = {e1,...,e;} of D. For any k-algebra R, D(R)
has R-basis {1 ® e1,...,1 ® ¢;}. As before, we will abuse notation and write
g; for 1 ® g; in D(R), but it will be clear from context which ring we are working
in. If (R,e) is a D-ring, we denote by e;: R — R the coordinate maps of e with
respect to the basis €. That is, the maps e; are the additive operators of R such
that e(r) = Zizl ei(r)e; for all r € R.

Definition 7.8. We denote by © the set of all finite words on the alphabet
{1,...,1}. For a D-ring (R, e) and § € ©, we will write ey for the corresponding com-
position of coordinatised D-operators. For example, if § = 123, then ey = egoeqoe;.
Note then that eg,9, = eg, © €eq,.

Definition 7.9. Let (R,e) be a D-ring and T = (t);er a collection of indetermi-
nates. The D-polynomial algebra in indeterminates T over (R, e) with respect to €
is the ring
R{T}5 =R[t?: t € T and 6 € O]
where (t%);c7 pco is a new family of indeterminates, equipped with homomorphism
et R{T}% — D(R{T}%)

t 5 1% + e 4 .. 1%

r—e(r)
This makes (R{T'}5,€’) an (R, e)-algebra.

Suppose (S, f) is an (R, e)-algebra and X C S. We denote by R{X }p the D-ring

generated in S by X over (R, e). This is a well-defined notion since the intersection
of a collection of D-subrings is a D-subring.

Lemma 7.10. Suppose that (S, f) is an (R, e)-algebra which is generated as a D-
ring by the (possibly infinite) tuple @ = (a;);er over (R,e), so that S = R{a}p.
Let t = (t;)ier be a tuple of indeterminates. Then, there exists a unique, surjective
(R, e)-algebra homomorphism evg: R{t}5 — S which maps t; — a; for each i € I.

Proof. Define ev,(t?) = fo(a;) (see Definition 7.8). Then, ev, is clearly a surjective
R-algebra homomorphism. To show it is a D-homomorphism, we need to show that
the following diagram commutes:

D(R{BY5) 29 D(s)

| d

ev

R{t}5, ——— S

This follows from a short computation. ]
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This lemma yields:

Corollary 7.11. Suppose that € and w are two bases of D. Then, R{T}3 and
R{T}%, are isomorphic as (R, e)-algebras.

As a result of this corollary, we omit the superscript and just write R{T }p.

Remark 7.12. Combining the above lemmas, we see that any (R,e)-algebra is a
quotient of some D-polynomial algebra over (R, e) by a D-ideal.

We now return to the construction of the D-Weil restriction. As usual, (A4,e)
is a D-ring, and (B, f) is an (A, e)-algebra where B is finite and free as an A-
module with basis by, ...,b,.. Recall that the component of the unit of the classical
adjunction at the polynomial algebra B{T}p is

nBrys () = Zta(i) ® b;
i=1

We first construct the D-Weil descent for a D-polynomial algebra over (B, f).

Lemma 7.13. Let T be a set of indeterminates. Then, there exists a D-structure
s on W(B{T}p) making (W(B{T'}p),s) into an (A, e)-algebra and npry, into a
D-homomorphism.

Proof. W(B{T}p) = A{T}%'", and applying Lemma 7.1 with np(r}, tells us that
NB{T}p 15 @ D-homomorphism if and only if

(AinBgTyphj t") = M- (s;\inB{TYo ("))

for every t?. Now, (s;Aing(rip(t?)) = s;(t?(i)), and (Nimpiryhi(t?)) = t%(i).
Since M is invertible we have s;(t?(i)) = M~! - (¢%7(i)). This gives an explicit
expression for s; on each generator of A{T}%T and hence an explicit expression for
s. Since A{T}3" is a polynomial algebra, this gives a D-ring structure on A{T}3"
making ng¢r}, into a D-homomorphism. |

Remark 7.14. Note that W (B{T}p) is a polynomial algebra, but that, in general,
s is not the D-ring structure that makes (W (B{T'}p), s) a D-polynomial algebra as
in Definition 7.9—it is twisted by M ~!. The same occurs in the differential case;
see the proof of Theorem 3.2 of [7].

Now let (C, g) be a (B, f)-algebra. By Lemma 7.10, there is a set of indetermi-
nates T and a surjective (B, f)-algebra homomorphism n¢: B{T}p — C, where
B{T}p has the standard D-structure h extending f with h(t?) = t%%e; +... +t%¢,.
The component of the unit of the classical adjunction at C', n¢, is given by

ne (re(t)) =Y W(re)(t’ (@) @ b;
=1

The D-ring structure from Lemma 7.13 will induce one on W(C') = W(B{T'}p)/Ic.
Recall from Section 2.1 the definition of the ideal I. This ideal is generated by
the elements A;(np{1}, (7)) as v ranges over ker mc, and W (7¢) is the residue map
of this ideal.

Lemma 7.15. Theideal Ic of W(B{T}p) is a D-ideal for the s given in Lemma 7.13.
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Proof. Let v € kermo. By definition of I, we need to show s(Ai(np{ry, (7)) €
D(I¢) for each 4, that is, that the vector (s;A\inpir), (7)) € Ic-
Since np(ry,, is @ D-homomorphism, we have

(Xinp(ryphs(v)) = M - (s; BTy (7))
Now ker 7¢ is a D-ideal for h: B{T'}p — D(B{T'}p) (the standard D-polynomial

structure), and so h;(y) € ker m¢. Then, by construction of Io, (\ingryph;(7)) is
in Ic. Since M is invertible, (s;\ingiry, (7)) € Ic. ]

Lemmas 7.7 and 7.15 imply that the s from Lemma 7.13 induces a D-structure
gV on W(C) = W(B{T}p)/Ic which makes it an (4, e)-algebra and W (m¢) an
(A, e)-algebra homomorphism. One then readily checks it makes n¢ into a D-
homomorphism by an argument similar to Theorem 3.2 of [7].

Therefore, we have provided an explicit way to construct the D-Weil descent

WP(C,g) = (W(C),g").
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